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THE LIMITS OF REFINABLE FUNCTIONS

GILBERT STRANG AND DING-XUAN ZHOU

ABSTRACT. A function ¢ is refinable (¢ € S) if it is in the closed span of
{¢(2x — k)}. This set S is not closed in L2 (R), and we characterize its closure.
A necessary and sufficient condition for a function to be refinable is presented
without any information on the refinement mask. The Fourier transform of
every f € S\ S vanishes on a set of positive measure. As an example, we
show that all functions with Fourier transform supported in [7%71’, %ﬂ are
the limits of refinable functions. The relation between a refinable function
and its mask is studied, and nonuniqueness is proved. For inhomogeneous
refinement equations we determine when a solution is refinable. This result
is used to investigate refinable components of multiple refinable functions.
Finally, we investigate fully refinable functions for which all translates (by any
real number) are refinable.

1. INTRODUCTION AND MAIN RESULTS

The central equation in wavelet analysis is the refinement equation for the scaling
function ¢:

N
(1.1) o) = 3 alk)o 2z — k),

k=0
In approximation theory, the sequence {a(k)} is the mask. In signal processing
these are the coefficients of a lowpass filter.

For a given mask {a(k)}, wavelet theory yields the properties of the family
{¢(x — k)}. We can determine whether these translates form a Riesz basis of
a subspace in Ly(R), whether this basis is orthogonal, and which polynomials
1,z,---,2P~ ! are linear combinations of the translates. This theory is summa-
rized in [3] and [14]. What we do not know is how to choose the mask {a(k)} so
that ¢(x) is close to a given function f(zx).

This “inverse problem” arises naturally in applications. We want to recognize
objects whose shape is indicated by f(z). We hope that a scaling function of similar
shape will allow us to identify a good match. The thesis of Chapa [2] made a start
on this problem using band-limited scaling functions. In that case the Fourier
transform ¢(¢) has compact support and the sequence {a(k)} is infinite.
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We want to start again, by answering this preliminary question: What is the
closure of the set S of all refinable functions in La(R)? A solution to (1.1) is a
refinable function. More generally, we say that

(1.2) ¢ is refinable (p € S) if and only if ¢(z) € span{o(2z — k) : k € Z}.

Thus an infinite mask is allowed. The refinability is better understood in the
frequency domain. To see this, we need the following characterization of closed
shift-invariant subspaces in Lo (R) given explicitly by de Boor, DeVore, and Ron [I],
based on doubly-invariant spaces discussed in [7]. Each such subspace is associated
with a function ¢ in Lo(R). The subspace S2(¢) = span{¢(z — k) : k € Z} is

(1.3)  Sa(¢) = {f € La(R) : f(&) = 7(£)p(€) for a 27m-periodic function 7(€)}.

It follows that ¢ € S if and only if, for some 27-periodic function a,

(1.4) (28) = a(&)p(¢),  for almost every &.

Let us turn to the set of all refinable functions. We wondered at first whether this
set S is closed. We will show that it is not closed, and Theorem 1 will describe its
closure S. The crucial questions involve the zeros of the Fourier transform. Recall
from (1.4) that ¢ € S satisfies $(2€) = a(&)p(§) for some 27w-periodic function. In
the inverse direction, f will be refinable if f(2£)/f(£) happens to be 2w-periodic,
and f(&) is never zero. Then f will solve equation (1.1) with symbol of the mask
given by

o f2¢

a(€) = A( ) .
f(&)
But if f(£) has zeros (which is typical!), we have to consider their relation to the
zeros of f(2£). This eventually leads to our characterization of the closure of S:

Theorem 1. A function f lies in S, the closure of S in Lo(R), if and only if, for
any positive integers j and k,

(1.5) f(2j &+ 2k;7r))f(£) = f(ZJf)f(f + 2kw)  for almost every &.
As an example, the function f € La(R) given by

17 lffe (_gﬂ-a_%ﬂ-)u(%ﬂ-7 %Tf),

16 = {O, otherwise,

is in .S, but is not refinable. The condition (1.5) certainly holds in the band-limited
case when f(&) is supported in [—%7‘(, %7‘(], because for £ in this interval we have

4
3
Then both sides of (1.5) are identically zero and f € S. Section 3 will show that if

b > 3m, there are functions with £(€) supported on [—b, b] for which (1.5) does not
hold.
Our second main result is a lower bound on the distance d(f, S) from f to S:

d(f,S) = nf{[|f = ¢l2: ¢ €S}

[27(6 + 2hm)] = 2027 — |€]) = 5.
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From the characterization of Theorem 1, it is natural to measure this distance in
terms of the family of functions

Dy (f)(€) = F(27(& + 2km)) f(€) — F(27€) f (€ + 2kr).
)

Theorem 2. Let f be a nonzero function in L2(R). Then

(1.6) w82 e f”QSUp{ZHDm I

keN
In the proof of Theorem 1, the family of sets {K;(f)} defined for functions as
(1.7) Ki(f) ={¢e[-mm): F(27(€ + 2Im)) # 0 for some | € Z}

plays an essential role. In terms of these sets, the proof of Theorem 1 also provides
a characterization of refinable functions.

Theorem 3. Let f € S. Then f lies in S if and only if the set U;’;l K;(H)\Ko(f)
has measure zero.

Corollary 1. If f € S\ S, then f(€) vanishes on a set of positive measure.

The final sections of the paper deal with smaller points in the theory of refinable
functions:

Section 4: Nonuniqueness of the mask.

Section 5. Refinable solutions to inhomogeneous refinement equations.

Section 6. Multiple refinable functions (leading to multiwavelets).

Section 7. Fully refinable functions (all translates ¢(x — t) are refinable).

2. PROOF OF THE MAIN RESULTS
In this section we prove the main results. Recall the characterization (1.3).

Proof of Theorem 1. Necessity of (1.5). Suppose that there is a sequence {¢,} C S
such that ||¢, — fll2 — 0 as n — oco. Then ||¢, — f|l2 — 0. Hence there is a
subsequence {¢y, (§)} such that

almost everywhere. By replacing {¢,} with this subsequence, we may assume that
(2.1) lim $,(€) = f(§),  VEER\T,

where T is a set of measure zero (null set).
Since ¢, is refinable, by (1.3) there is a 27-periodic function a,(€) such that

almost everywhere. By recursion this implies for all n and all j = 1,2,--- that
(2.3) on(2€) = an(X71€) - an(©)dn(6).  VEER\T,

where 7" is another null set. Then T; = (T +27Z) U (27T + 27Z) U (T + 27Z) is
also a null set. Suppose £ € R\ T}.

Let k € N. If f(€ + 2kn) = f(€) = 0, then (1.5) holds trivially.

If f(€+2im) # 0 for I =0 or | =k, then (2.1) and (2.3) imply that

lim @, (2771¢) -+ an(§) = F(27(€ + 2im))/ f (& + 21).

n—oo
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By the 27-periodicity, taking the limits in (2.1) and (2.3) again, we have

F(29 (6 +2im)) 5

f(&+2im)
In particular, the choice p € {0,k} \ {l} implies (1.5).

Thus (1.5) is true for every k € N and this £ € R\ T}.

Since the set T} has measure zero, (1.5) holds almost everywhere. This proves
the necessity of (1.5).

Sufficiency. Suppose that (1.5) is true. It is still true if we replace & by 2™ (£+21m)
and k by 2™k, for m € N and [ € Z. Now change j + m back to j, and k + [ back
to k. The result is

24)  F(27(€ + 2k0) F(27(€ + 20m)) = F(20 (€ + 2m)) f(2™ (€ + 2k7))

for any j,m € N, k,l € Z and every £ € R\ T, where T is a null set.
Let us define a sequence {¢,,} of refinable functions tending to f.
Let M;(f) be the union of the sets Ko(f), -, K;—1(f) defined in (1.7):

= OKi(f)

={¢e|-mm): f(2'(&+2in)) # 0 for some 0 < i < j and | € Z}.
Naturally, we set M (f) as

F(27 (€ + 2pm)) = fe+2pm), Vpel

Mo(f)=JEi(H) =M
=0 j=1

For £ € Ko(f), define
(2.5) On (& +2kT) = f(E+ 2km),  Vk € Z.
For j e Nand £ € K;(f)\ M;(f), define
(2.6) On (€ + 2km) = f(29 (€ + 2km))/n,  Vk €L
For € € [—m,7) \ Moo(f), define
(2.7) (€ +2km) =0, VkeLZ.

Thus, by, (€) has been defined for all &.
We first show that ¢,,(§) — f(£) in L2(R). By equations (2.5) and (2.7),

Gn(€ +2km) — f(E+2km) =0, V&€ Ko(f) U ([-m,7m)\ Mws(f)), k€L

Hence

16n fllz—Z/ gy SI€ 20 = (6 2k
= F(27 (€ + 2k 2de
Z / 22 )/l

< 2_: /}R (7€) de /n?

= [If]2/n* — 0.
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Therefore, ¢, € L2(R) and limy,_,o ||¢n, — f]l2 = 0.
Next we show that ¢, is refinable, by constructing a,,(§) on [—m,7) such that

(28)  In(2(E+2k7)) = @n(O)Pn(§ +2km),  VheZ, fel-mm)\T.
Let 7 € NU{0} and & € K;(f) \ M,(f), and furthermore choose k¢ € Z such
that f(27(€ + 2kem)) # 0. Define
i (6) — { Bn L€+ 2hem) /7€ + 2hem), ifj =0,
! non(2(§ + 2kem))/ f(27 (€ + 2kem)),  if j €N.

For & € [—m,7) \ Moo(f), we can define a,(§) arbitrarily.
Let us now verify the refinement relation (2.8), first for £ € Moo (f) \ T
Let j e NU{0} and &£ € K;(f) \ M;(f)\T. For every k € Z,

_ - b (2(€ + 2kem)) 5,
2.9 an n 2km) = 0——2>—— = 22 f(2] 2km)).
(2.9) (§)dn (€ + 2km) F(20(€ + 2hem)) F(27(€ + 2km))

To see that this equals ¢, (2(& + 2k)), write 2€ as n 4 2s7 with 5 € [—m,7) and
s € Z. Then, if n € M (f),

Gn(2(6 +217)) = ¢ (n + 257 + 4lm) = 0, vl € Z.

Hence the right-hand side of (2.9) equals ¢, (2(€ 4+ 2kn)) in this case.
If n € Ko(f), then

én(2(§ +2Im)) = én(n + 28 + 4lm) = f(n + 287+ 4lm) = f(Z(E + 2Im)).

Hence the right-hand side of (2.9) equals ¢, (2(¢€ + 2kn)) again by the condition
(2.4).
Ifn € Kn(f)\ My (f) for some m € N, then

Dn(2(€ + 20m)) = dn(n + 257 + 4lw) = f(2(n + 257 + 4l7))/n
= f@™ (& +2im))/n.

Hence the right-hand side of (2.9) equals ¢, (2(¢ + 2km)) in this final case by the
condition (2.4).

Thus, the refinement relation (2.8) has been proved for £ € Moo (f) \ T

Next we consider £ € [—m,7) \ Moo (f) \ T. Here we have

o +2m)=0, VIEL

Let us show that ¢, (2(€ + 2im)) = 0 for every | € Z. Write 2¢ as 1 4 257 again
with n € [-7,7) and s € Z.
If n & Moo(f), then

Gn(2(€ 4 20m)) = P (n + 257 + 4l7) = 0, vl € Z.
If n € Ko(f), then £ € K;(f) implies that for every | € Z,
Gn(2(€ +2m)) = f(n + 287 + 4lm) = f(2(€ + 2Im)) = 0.
If ne K;(f)\ M;(f) for some j € N, then
Gn(2(€ +21m)) = ¢ (n + 257 + 4lm) = F(27 (1) + 257 + 4im)) /n
= f(2TY(E+2m)/n=0, VIeZ,
since € ¢ Ky (f).
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Thus, in all three cases,
dn(2(6+20m) =0, VieZ

Therefore, the refinement relation (2.8) holds true on [7,7) \ T. Hence ¢,, is re-
finable; it lies in S. Then lim||¢, — f|l2 = O tells us that f lies in the closure of
S. O

Now that we have proved Theorem 1, the proof of Theorem 2 follows quickly.

Proof of Theorem 2. For ¢ € S, Theorem 1 gives D; (¢)(§) = 0 almost every-
where. Then

1D;(H) s = 1D £(F) = D (6
- / [F(29(€ + 2km)) — B2 (€ + 26m))] F(€)

+ G2 (& + 2km)) [(§) — ¢(€)]
+ G(276)[P(€ + 2km) — f(& + 2k)]
+ &+ 2km) [$(27€) — f(27€)] .
Applying the Schwarz inequality, we get
1/2 1/2
1Dl < 2( [ - ¢3<2j5>|2d5> 1l + 2( / |¢3<2j5>|2d5> 1 = Bla
= 2" F = dll2(1 112 + I Bll2)-

For each k& we sum over j € N:

LS Dl
j=1

In computing the distance d(f, S) we may restrict to ¢ € S with ||¢]l2 < 2| f]l2,
since otherwise ||¢ — f|| > ||0 — f||. Then (2.10), for each k, yields the lower bound
on d(f,S) in Theorem 2:

(2.10) I = @llz(llfll2 + lloll2) =

1) a£9)317 1> 2L S D, ()l
j=1

The proof of Theorem 2 is complete. O

Remark on condition (1.5). If the Fourier transform of a refinable function were
never zero, division would be allowed and everything would become easy:

(2.12) J(2¢)
f(&)

is periodic by the refinement equation, and

(2.13) f}? ) = Af(ng) 29 is periodic by induction.
)

7€
& fe) f©

Condition (1.5) is simply the periodicity of f(27¢)/f(€) after multiplication to clear
out the (possibly zero!) denominators.
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Since the periodicity (2.13) for all j follows from (2.12) for j = 1, it is natural
to ask whether this is also true in condition (1.5). Must we impose this condition
for all j € N?

The following example shows that we must.

Example 1. Let f(¢) =1 for
€€ (—m,—m/2) U (—n/2m T —x/2mF2) U (210 — /2™ 21 — /272

and zero elsewhere. Then (1.5) holds for j = 1,---,m and all k, but not for
j=m+1and k= 1.

Proof. 1f £ > 0, then
F(E+2kn) = f(27(E+2kn)) =0 forall jkeN.
If £ < —m, then
f&)=f(27¢)=0 forall jeN.
If —m <€ <0, then
f(27(&+2kn)) =0 forall j,keN.
If -7 < &< —m/2m*t or —r/2m+2 < € <0, then
f(€+2kn) =0 forall keN.
If —m <€ <0, then

fE+2kn)=0 forall k>2.

Thus we only need to check condition (1.5) for —7/2m*1 < ¢ < —7/2m*+2 and

k = 1. In this case, f(f +27)=1. For j =1,--- ,;m we have f(2j§) = 0, which

implies (1.5). However, f(2m*1¢) = 1, which contradicts (1.5) for k = 1. O
3. BAND-LIMITED FUNCTIONS

Let X} be the set of band-limited functions with frequencies £ restricted to the
band [—b, b]:

Xy :={f € L2(R) : suppf C [—b,b]}.
We observed in the introduction that X, € S for b < %7‘(. The converse is also true.
Theorem 4. X;, C S if and only if b < %71’,

Proof. 1f b> 3, let f € L2(R) be given by its Fourier transform as

2o )1, if[¢] < B :=min{b, 27},
0, otherwise.

Then for j=1,k=1,-B<¢(< —%77, we have

fR(E+2m) = f(§) =1 but f(2)=0.

Hence (1.5) does not hold on the interval (—B,—3m) for j = 1,k = 1. Thus,
feXy \g O
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Now we show that some functions are not refinable but are the limits of refinable
functions. The example in the introduction was

B 0, otherwise.
Corollary 2. Let f € Xar, and let K(f) ={£€R: f(&) # 0} be the support of
f. Then f is refinable if and only if TK(f) C K(f) up to a null set.

Proof. By Theorem 4, f € S.
Observe that for f € Xéﬂ and j € N,

Ki(f) = {€ € [=m.m) : f(27€) £ 0} = 277 K(f) © [_gﬂ, %W] ,
Also,

2 2 2 2
Ko(f) n (-gﬂ', gﬂ') = K(f) n (—gﬂ', gﬂ') .
Then our conclusion follows from Theorem 3. O

Combining Theorem 4 and Corollary 2, we know that every nonzero function in

X, whose Fourier transform vanishes on [—2m, 27] lies in S\ S.

in
4. REFINABLE FUNCTIONS AND MASKS: NONUNIQUENESS

We apply the characterization of refinable functions in Theorem 3 to show that
the function may not determine the mask (and vice versa).

First, we show that the 2w-periodic symbol of the mask a(£) is sometimes not
unique.

Theorem 5. Let ¢ be a nonzero refinable function in La(R), and let Ko(¢p) be
defined by (1.7). Then the refinement mask a(&) satisfying (1.4) is unique (up to a
null set) if and only if meas(Ko(¢)) = 2x, i.e., for almost every & € [—m, ) there

is some ke € 7 such that ¢(& + 2kem) # 0.
Proof. The sufficiency is clear, since a(¢) is determined for £ € Ky(¢) by

a(§) = P(2(€ + 2kem))/ G(§ + 2ker),
which defines a(£) uniquely up to a null set.
For the necessity, suppose to the contrary that meas(Koy(¢)) < 2m. Then the
measure of the set ([—m,7) \ Moo(¢)) is positive by Theorem 3.
Let a(€) be the symbol of a refinement mask satisfying (1.4). Choose b(£) to be
a 2m-periodic function satisfying

b&) =a(g),  VEeE Ko(¢)

Then we can see that for almost every & € [—m, 7),

O(2(€ + 2km)) = b()p(€ + 2km), vk € Z.
In fact, for € € [—7m,7) \ Moo (),

P(2(€ + 2km)) = @(§ + 2km) =0,  Vk€EZ,
while b(€) = a(€) for € € Ko(¢). Hence the refinement relation is reduced to (1.4).
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Note that meas(([—m,7) \ Moo (¢)) U Ko(¢)) = 27 by Theorem 3. The function b(¢)
is also the symbol of a refinement mask for ¢. Thus the mask is not unique. [l

Second, we show that the refinable function is never unique, given a refinement
mask.
The classical approach begins with a sequence {a(k)} satisfying

Z la(k)||k]° < oo for some 6 > 0.

kEZ
Then the refinement equation (1.1) has at most one integrable solution up to a
constant multiplication; see Daubechies and Lagarias [4].

When we consider solutions in Lo (R), this uniqueness never holds. To see this,
let ¢ € Lo(R) satisfy the refinement equation (1.4) for some 27-periodic function a.
If 7(€) is an arbitrary measurable bounded function on [—27, 27], then the function
1 defined by its Fourier transform as

WO =720,  EelVm2Tmu(-2r 27, jez,
also satisfies the refinement equation (1.4) with the same mask.
However, if we require that ¢(£) is continuous at the origin, which is the case

when ¢ € Li(R) and 413(0) # 0, then the solution is unique up to a constant
multiplication.

Corollary 3. If ¢ € Lao(R) satisfies (1.4) and its Fourier transform can be chosen
to be continuous at the origin: lime_o ¢(§) = ¢(0) # 0, then any solution ¢ € Lo(R)
of (1.4) with TZJ continuous at the origin can be written as
$(0
v(@) = W),
¢(0)

Proof. By our assumption, for almost every &,

- . 9(¢)
1 2)--- 2") = —=.
Jim_a(¢/2)---a(¢/2") 30)
Therefore, for almost every &,
6 = Jim a(e/2)---ale/2") Jm 06/ = SR
The proof of Corollary 3 is complete. O

As a consequence, if there is a solution ¢ € L1 (R) N La(R) to (1.4) with ¢(0) # 0,
then all the other solutions in L;(R) N L2(R) are c¢(x). This extends the result of
Daubechies and Lagarias [4].

5. INHOMOGENEOUS REFINEMENT EQUATIONS

In this section we study inhomogeneous refinement equations and characterize
those solutions which are (homogeneously) refinable.
The inhomogeneous refinement equation was defined in [I6] as

(5.1) é(x) = alk)p(2zx — k) + F(2x).

kEZ
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Here we are interested in Lo solutions, so we assume that F' is a nonzero function
in Ly(R). Denote

. 1 ;

a(6) =Y alk)e ™, (eR.

2
kezZ

Then the inhomogeneous refinement equation (5.1) has an equivalent form in the
Fourier domain:

(5:2) $(26) = al§)d(€) + F(€)/2.
If ¢ € Ly is a solution of (5.1) and ¢ is (homogeneously) refinable, then (1.4)
holds for some 27-periodic function 7. Hence

F(&) = 2(7(€) — a(€))(9).

It follows from Theorem 1 that F € S.

Suppose now that F' and the mask a are supported in [0, N] for some N € N.
Then F € S by Corollary 1. Also, ¢ € So(F). Moreover, [16] tells us that ¢ is
supported in [0, N].

According to the analysis of Jia [R|, for the function F' there exists a unique
function ¢ € Lo(R) (up to a constant multiplication), compactly supported in
[0, N] but not in [1, N], such that its integer translates are linearly independent
and, for some sequence {c(k)},

N-1
(5.3) F(z) = Z c(k)y(x — k).
k=
By (1.4), ¢ € So(F) = Sa(3)). Corollary 1 implies again that ¢ is refinable.

By the linear independence of ¢ and the supports, there are sequences {b(k)}

and {d(k)} such that

i

o(x) = ) b(k)(x — k),

Plx) =y d(k)p(2z — k).

M 11

0

2b(2€)d (€)Y (€) =

k=
Taking Fourier transforms and using (5.1), (5.3), we have
2a

(E)BE)D(E) + &(€)P(€),

which implies
(5.4) b(26)d(€) = a(§)b(&) + &(€)/2,  VEER.

Moreover, the linear independence of ¢ provides (see Theorem 2.4 in [9])

$(0) #£0,  d(0) =1, and  d(r) = 0.
Conversely, we have

Theorem 6. Assume that the sequence {a(k)} and the function F € Lo(R) are
supported in [0,N]. Let ¢ € La(R) be a function, compactly supported in [0, N]
but not in [1, N|, such that its integer translates are linearly independent, and (5.3)
holds. Then (5.1) has a refinable solution ¢ € Lo(R) if and only if 1 is refinable,

¥(0) # 0 and the equation (5.4) is solvable for some sequence {b(k)} supported in



THE LIMITS OF REFINABLE FUNCTIONS 1981

0,N — 1], where ci({) s the symbol of the refinement mask of the function v with
d(0) =1 and d(m) = 0.

Observe that (5.4) is a system of linear equations whose solvability can be easily
checked.

6. APPLICATIONS TO MULTIPLE REFINABLE FUNCTIONS

In this section we apply Theorem 6 to a study of some examples of multiple
refinable functions. For the general theory and more examples of multiple refinable
functions, we refer the reader to [B], [6], [10], [11], [12], [L5], [18].

The first example was introduced by Geronimo, Hardin and Massopust [5]. Con-
sider the matrix refinement equation

(6.1) O(x) =) ap®(2z — k).
kez
Here ®(x) = (¢1(x), p2(x))T and {ax} is supported in [0, 3] with

1 R 0
ag = hQ h3’ a1 = h4 11

4 — 0 0 4. — 0 0
27 |ha hs]’ * 7 |he 0
The matrix entries involve a parameter s:
s2—4s—3 3(s2—1)(s>—-3s—1)
hl = T T a7 A\ h2 = - Y

2(s+2) 4(s + 2)2

352 +s5—1 3(s2—1)(s>2 —s+3)

hy = ——, hy = —

2(s+2) 4(s +2)2

When |s| < 1, the matrix refinement equation (6.1) has a continuous solution ®
with ¢1(0) = 1 and ¢o(0) = (s — 1)2/(s + 2). Moreover, suppg; = [0,1] and
suppg2 = [0, 2].

Applying Theorem 6, we conclude that neither ¢; nor ¢ is refinable.
Example 2. Let |s| < 1, and let ®(x) = (¢1(x), p2(z))T be the continuous solution
of (6.1) with ¢1(0) = 1 and ¢2(0) = (s — 1)2/(s + 2). Then neither ¢; nor ¢y is
refinable.

Proof. The first component of (6.1) is an inhomogeneous refinement equation:
(6.2) o1 (J?) =hi¢y (2]}) + h1¢1(21‘ — 1) + ¢2(2$).

It is proved in [12] that the integer translates of ¢o are linearly independent. Hence
we can take N = 2, F = ¢ = ¢o, and ¢ = 1. Under the restrictions J(O) =1
and d(r) = 0, we find that the equation (5.4) is not solvable. Therefore, ¢; is not
refinable.

The second component of (6.1) is another inhomogeneous refinement equation,

$2(x) = h3d2(2x) + ¢2(22 — 1) + hyda (22 — 2) + F(2z),
where

F(l‘) = h2¢1 (J?) + h4¢1 (J) — 1) + h4¢1 (J) — 2) + h2¢1 (.23 — 3)
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Take N = 4 and @ = ¢1, since the integer translates of ¢; are linearly indepen-
dent [12]. If ¢o is refinable, then Theorem 6 shows that ¢; = v is also refinable,
which is a contradiction. Thus, ¢ is not refinable, either. O

Our second example is taken from [10], [11], [I2]. Let {a} be supported in [0, 2]
with

3 3 10 3 -#

(6.3) ao—[t )J, al—[o M]’ and ag—[_t /\}

Here s,t, A, u are real parameters. We assume that |2\ + | < 2. Then there exists
a unique distributional solution ®(z) = (¢ (z), ¢ ()T of (6.1) with ®(0) = (1,0)T
supported in [0,2]. The distribution ¢, (z) is symmetric about 1, and ¢2(x) is anti-

symmetric about 1. It was proved in [10, Example 4.3] that the shifts of ¢; and ¢,
reproduce all quadratic polynomials if and only if

(6.4) t#0, pw=1/2, and X\=1/4+ 2st.

In this case, the condition |2A + u| < 2 reduces to —3/4 < st < 1/4, and it is
verified in [IT], [T2] that the solution is continuous.

Example 3. Let {ax} be the mask given in (6.3) and (6.4) with —3/4 < st < 1/4.
Let ®(z) = (¢1(x), p2(x))T be the continuous solution of (6.1) with ®(0) = (1,0)7.
Then ¢, is refinable if and only if s = 0, while ¢, is never refinable.

Proof. First, we consider the case s # 0. In this case, it is proved in [12] that the
integer translates of ¢ and ¢o are linearly independent.
For ¢, the first component of (6.1) is an inhomogeneous refinement equation,

¢1(2) = 01(20)/2 + 6122 — 1) + 6122 = 2)/2 + F(x),

where F(z) = s¢a2(x)/2 — spa(x — 2)/2. Let N =4 and ¢ = ¢2. If ¢; is refinable,
then Theorem 6 shows that ¢5(0) = ¢(0) # 0, which is a contradiction.

The function ¢y is trivially not refinable, since otherwise ¢o(0) # 0 by [9, Theo-
rem 2.4].

Second, we investigate the case s = 0. Then ¢; is refinable, since the first
component of (6.1) reduces to a homogeneous equation for ¢;. In fact, ¢; is the
hat function on [0, 2].

To consider ¢2, the second component of (6.1) is

P2(2) = ¢2(22) /4 + ¢2(2 = 1)/2 + ¢2(22 — 2)/4 + F(2x),

where F(z) = t¢1(x) — td1(xz — 2). By Theorem 1 in [16], the solution to this
equation is unique. Let N = 4 and ¢ = ¢;. Then d(¢) = (1 + e %)2/4 and
é(€) = t(1 — e %2¢)/2, and the solvability of equation (5.4) would imply ¢ = 0,
which is a contradiction. Therefore, ¢o is never refinable. O

The explicit formula for the solution ®(z) in the special case s = 3/2, t = —1/8,
A= —1/8,and u = 1/2 was given by Heil, Strang, and Strela [6]. In this case, ®(z)
is supported on [0, 2]:

2?(—22 + 3) for0<z <1,
¢1($) = 2
2—2)*2r—1) forl<z<2,
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and
2?(z - 1) for0 <z <1,

p2(z) = 2—z)}(z—1) forl<z<2

7. FuLLY REFINABLE FUNCTIONS

A function ¢ € Lo(R) is fully refinable if for every ¢t € R, the shifted function
¢t(x) = ¢(x —t) is refinable. It is shown in [I7] that Meyer’s well-known scaling
function [13] is fully refinable.

Let ¢ be a refinable function in Ly(R) and ¢t € R. Then K;(¢:) = K;(¢) for

j € NU{0}. Theorem 3 tells us that ¢, is refinable if and only if ¢, € S. By
Theorem 1, this is equivalent to

9(27 (€ + 2km))p(&) (e 7T — 1) = 0

for any j, k € N, almost everywhere in .

Thus, a translate ¢; of a compactly supported refinable function ¢ € La(R) is
not refinable unless ¢ is an integer.

Moreover, if ¢ is fully refinable, then up to a null set gZA)(f) # 0 implies (2)(5/2) #0,
and hence

B(E + 4km) = G(2(¢/2 + 2km)) =0, Vk € Z\ {0}

This shows that the measure of the support of (13 is not greater than 4.
However, Theorem 4 tells that every refinable function in X in is fully refinable.
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